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LVI. An Explication of an obfcure Pajfage 
in Albert Girard' s Commentary upon Simon 
Stevin'j Works (Fide Les Oeuvres Ma- 
them. de Simon Stevin, a Leyde, 1 634* 
p. 169, 170); by Mr. Simfon, Profejfor 
of Mathematics at the Univerfiiy of Glas- 
gow .• Communicated by the Right Honour- 
able Philip Earl Stanhope. 

PUIS que je fuis entre en la ma- 
" tiere des nombres rationaux, 
j'adjoufteray encore deux ou trois particularitez, 
c non encor par cy devant pradtiqu6es, comme d'ex- 
** pliquer les radicaux extremement pres, &c." 

The firft thing Albert Girard gives in this place is 
a method of expreffing the ratio of the fegments of a 
line cut in extreme and mean proportion, by rational 
numbers, that converge to the true ratio. For this 
purpofehe takes theprogreffion 0,1,1, 2, 3, f, 8, 13, 
2 1 , &c. every term of which is equal to the fum of 
the two terms that precede it : and fays, any number 
in this progreffion has unto the following the fame 
ratio [nearly] that any other has to that, which fol- 
lows it. Thus f has to 8 nearly the fame ratio, that 
8 has to 13 ; confequently, any 3 numbers next one 
another as 8, 13, 21, nearly exprefsthe fegments of 
a line cut in extreme and mean proportion, and the 
whole line; fo that 13, 21, ' V. B. 13 is wrong 
printed for the fecond mum id of 21) con- 

ilitute 
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ftitute near enough an ifofccles triangle, having the 
angle of a pentagon > /'. e. whofe angle at the vertex is 
fubtended by the fide of a pentagon in the circle de- 
fcribed about the triangle. 

Now this will be plain, if it be fliewn, that the 
fquares of the numbers in this feries are alternately 
lefier and greater by an unit, than the product of the 
two numbers next them upon each fide. Thus, in 
the four numbers, 5, 8, ij, 21, the fquare of 8 is 
an unit lefier than the product of 5 and 1 3 ; but the 
fquare of 13 that next follows 8, viz. 169, is an 
unit greater than 8 times 2 1, or 168 ; and £0 on con- 
itantly. 

Cafe 1. 

If a, b. <r, be fuch numbers, that ( * jT . 

* ' J i.ac — bb-\- 1 

Then, if d be taken, fo that d = b+c j then mall 
bd-\- \=cc. 

Becaufe d — b-\-c\ bd-\- 1 fhall be = bb-\-bc + 
1 = ae + be [2] which is = «-f b x c — cc [ \ ]: Ergo 
bd-\- 1 z=cc. 

Cafe 2. 

If a t b. c, be fuch that* 1 *' 7 , ~~ C ,, 
' ' ' $z. ac-\- i=bb 

Then, if dbe taken, fo that d=b f c , then fhall 

bd=cc-{-i. 

Becaufe bd=bi-\-bc—ac-\-bc -\-i l2.}—a-\~bxc-\-t 

Problem. 

Having given the numbers, in Cafe 1. to find 
b and c, /. *. having given a to find b fuch that 
^-j-i = (ac=) aa-\-ab , then is bb — ab = aa — i: 

A a a and 
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and therefore b= a ~^LJf±Z±. Whence, to make 

2 

b a rational integer number, faa — 4 muft be a fquare; 
which it will be, if a=i j and then b will alfo be 1, 
and c will be 2 : and having continued the feries, 
every number will have the properties mentioned. 

The fecond thing which Albert Girard mentions, 
is a way of exhibiting a feries of rational fradtions, 
that converge to the fquare root of any number pro- 
pofed, and that very faft. He tells nothing about 
the way of forming it, and only gives the two fol- 
lowing examples ; viz. 

He fays, <\/2 is equal nearly to £•££: or, if you 
would have it nearer, to -^-ff-f . 

His other example is of t/ 10, which, he fays, is 

nearly equal to 3 -577775 > *'• e - to '-fffy/S- And thefe 
are the fradtions your lordfhip has turned, at firft fight, 
into continued fractions of the fame value *. 

The way of making a feries of rational fractions, 
which converge to the fquare root of any number 
propofed, in fuch a manner, that the fquare of the 
numerator of any of them being leffened by an unit, 
or, in fome cafes, increafed by an unit, the remainder, 
or fum divided by the fquare of the denominator, fhall 
be exactly equal to the number propofed, depends 
upon the following proportions : 

Prop. 



* N. B. That the continued fra&ion here alluded to for expreffing the 
fquare root of i o was £ x 1 9— jV 

— rr 
-t't 

— 'fxt &c. ad infinitum. 
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Prop. 1. 

Let a be any number propofed, and - be fuch a 

fraction, that - = a t i. e. ^=<w+ 1 , then, if 

two other fractions be taken, one of which is — , the 

at 

firft divided by the propofed number a, and the other 
is p the reciprocal of the firft fra&ionj then the 

fraction ^H*** . whofe numerator is the fum of the 
products of the numerators, and of the denomina- 
tor* of the fta&ioh* -and j*j and Its denominator 
the fum, of the produdte of the numerators, and of 
the denominators of the fractions - and ^ mail have 

the fame property with the fraction ji. e*^ 1 *" ~~ l£ =*, 

Becaufe bb = <kt 4- 1 

M~*acc*=i, andfquaring 
M— 2ab*c* J r6 % €*i^\* And adding 4ab*t* 

Whence ?±ff-' = g, 

Pr0/. 2. 
If - be fuch a fraction, that —^•=a , i. e* &-f 1 =«=# ,ct, 
all other things remaining as in Prop. 1. j then ihall 
the fraction "v-f , formed as" there defcribed, be 

fuch, that EgjLl 1 ^*, 

A a a a Becaufe 
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Beaufe bb-\-i*=acc t then ace — bb=i ; andfquafing 

b+ — 2(tb*c l -\-a 1 c+=i. 
Whence, as ia the foregoing, it will follow, that 



■ZDC 



Prop, 3. 



Let the fraction - be fuch, that - — - = a. i. e. b b 

c c e 

ss a e c + 1 ; alfo let - be another fraction,; having the 

b 

feme property with -, /. e. fuch» that di=*aee-\-i. 

d 

Then, if from the fraction-, and the two others men- 
tioned in Prop. i. viz. — , and j, a new fraction be 
formed, in the fame manner as the fraction ' + e tc 



%h 



c 



was formed from -, and the fame two — and?, which 
fraction will be ■ 7^" j this new fraction fhall have 

b d 

the fame property with the other two and , i.e. 

bd-\-ace — -1 

cd-\-be 



Hypotb. 1. bb=acc-\-i 
2, dd=aee-\-r 



3. ac % d 1 ^a x c z e !l -\-ac > -\z7\ 

4. b*d*=sab' l e r -\-b % [2.] 

f. b x d*=ab 2 e 2 -\-ac*+i [4, 1.] 

6. b*d*+d ! -c 1 e % =ab 1 e*-\-a 7 -c 1 e 2 -+ac*+t [$.] 

7. Pf+tPMeaacW+aPet+i [6. 3] 

8. b*d?+2akde+a % <&=sa?d?:+iabcdt+at>?+ i[j\ 

i.e. 
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i. e. bd-\-ace =rf x cd -\~ be "f* '• 



_2 

rt od-\-ace —i 



cd+be 



Prop. 4. 
The fame things being fuppofed as in Prep. 3. ex- 
cept that bb, inftead of being equal to acc-\-i, as 
there, is equal to ace — I, or bb-\-\=acc; it will fol- 
low, by the like fteps as in Proportion 3. that 

bd-\-ace +1 
— ■> - =<?. 

If likewife </* be equal to ace — 1, as well as b 2 *= 
acc—t, all other things remaining as in Propor- 
tion 3. then mall bd-\*ace =a%cd-\-be -f- *> »» ft 
bd-\-ace — 1 



=<*. 



c</-Hfe 



Hypotb.h- t*+i=acc 
12. </*4-i=<w 

3. b % d i \-b l =abH z {7.^ 

4. ac t d^-{-ac t =a % c t e % [2.] 

5. M»+<w*a=tfJ** m +i [3, I.] 

6. ^i*-f^ a 4-^ a i*=5c*^+a*^ 4 4.i [5-,] 

8. £VM-2tf^+^ v ^^+2^"fe-f-tf*V-f 1 [j.] 

*'. r. bd^ac* — <* *cd-\-be -{-1* 

— 2 

bd+ace -— 1 
o. i ^A 

Prop. 
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Prop. 6. 
But if b*= acc-^-i, and d 1 =aee — I, all other things 

remaining as in Prop. 3. Then (hall bd~\-ace -\-i — 
Sd-\-ace +1 1 . , , n 

a x TJ^e". J. e. i — =a. which maybe fhewn, 

cd-\-ht 

as the reft were. 
Now, let a be any number propofed, and let the 

fraction - be fuch, that either -^ = a , or -~ —a t 

and take the fractions - and { , before defcribed : then 

the feries of fractions converging to y/a will be as 
follows : 

'L \ -=the firft term of the feries. 

'i+fff.f? the fecond term?| Every term is formed from 
2k e I the preceding; and the a 

«+«*,_£ the third tern ^ I fractions i an d f. i n the 

ci\ii g / at tr' 

fame manner as the fe- 
cond from the firft, and 
thefe fractions. 



*-ff g 5 = 7 the fourth term 
c f+h k 

&c. in infin. 



And from the foregoing propofitions it follows, 
i. That if b -^- = a ) then every fraction of the 

feries fhall be fuch. 

That if from the fijuare of its numerator be taken 
an unit, the remainder, divided by the fquare of its 
denominator, fhall be equal to a. 

For, by Prop. 1. the fraction - fhall be fuch ; and 

by Prop. 3. the next fraction ^ fhall likewife be fuch; 

" © 

and fo all the following terms. 

Example, 
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Example. 
Let 4=2 } then the firft fraction, i. e. that in the 
fmalleft numbers, -, that makes — — = 2, is when i 
=3, and c—z j fo that 
i. L I t 

b ac ' c 

are And the terms fallowing the firft | 

£ 3 X -2- are il 1? j_LZ *»«» fifc 
3- t| 2 «" c 7»« 70' ToTf* » 378' wt * 

2. But if ^n**, «.r. if the firft fraction- of 

CC t 

the feries have the fquare of its numerator an unit lefs 
than ace, the multiple of the fquare of its denomina- 
tor by the number a ; the fecond term mall have the 
fquare of its numerator an unit greater than the faid 
multiple of the fquare of its denominator j and the 
third term (hall have the faid fquare an unit lefler, 
and fo on alternately. 

For, by Prop. 2. the fecond terra - (halibefiieh, 
that —£~~a : and therefore, by Prop* 4. the third 
term <- mall be fuch, that ^£j~ m <*. And by Prop. 
1 . it follows, that the next term -, ftiall be fuch, that 
-^-~= za 'i fl nd fo on alternately, by Prop. 4. and 

Example. 
Let tf=2 j then the firft fraction b - that makes- -^kl 
a= 2, is when ^=1, and f 53 1* So that 

<: 

2 



b' ~£ 



are 7 1 

X- i. r ■*' 
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And the following terms 

an* * 7 ir 4i « rj r 
are v y. 7l . -- fJ . ^ c,r.. 



But if a be 13, then the firft fraction will be HF 

*8 ST J f • 18 0' 3TST <JC ' 

3. But if the fraction - be fuch, that I =a > and 

if the fractions — , 7, be taken, from which the fe- 

ac b ' 

ries is to be formed, as has been defcribed j then, if 

the firft fraction of the feries be made not -,-but fome 

c 

fraction -, fuchthat— ^-t=a j. then fhall every term 

of the feries be fuch as the fraction -, Le» the fquare 

of the numerator being increafed by an unit, and the 
fum divided by the fquare of the denominator, the 
quotient fhall be equal to a. 

For, fince bb*=acc-\- i % and di—aee — 1, by 

Prep. 6. it follows, that the next term *> lhall be 
fuch, that^i^=tf j and fo> on for every term. 

Example. 
Let*==2 -Z|$ then will- ==|, and^=|, and 
let - — \ - r then 

'.Lit 

b ac 3 t 

are 

3. 4JI And 
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And the other terms 

*e 7. £ J . *|9 £393. ^ 
5 29 169 985 

To find - fuch as makes bb — 1 — acc y i. e. ace 4* 

1 —Bb, recourfe muft be had to Lord Brouncker's 
method in Dr. Wallis's Gommmum Epifiolicum. 

\i 1 ■ - - ,11 iinnr~' ■■'— r t 1 1 1 1 1 v" * — ■ 

LVII. Qbfirvations upon /^Electricity of the 
Ait, made at the Chateau de Maintenon, 
during the Months of June, July, and Oc- 
tober, 1755 \ being Part of a Letter from 
the AbbiVtea£2& y F.R.S. to the Rev. Ste- 
phen Hales, D.D. RR.S. Tranfiated 
from the French by James Parfbns, M.D* 
F* R* o* 

SIR, 
Read Dec. zo.T^EING affured, that the declricity 
'7S3- JJ^ of the atmofphere would yet afford 
means of entertaining you, I fpent part of this fum- 
mer imobferving what nature presented me upon 4b 
important a fabje& 

On the 14th of June I accompanied the Marechal 
de Noailles to his. caftle of Maintenon. At my ar- 
rival, I fet up an apparatus, which confifted of an 
iron wire 370 feet long, railed to 90 feet above the 
horizon. It came down from a very high room in 
the caftle, where it was fastened to a filken cord fix 

Bbb feel. 



